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The traditional PIC method in plasma physics
Method to simulate collective phenomena in plasmas:

e Plasma is described by a small number of super-particles (SP),
each SP represents many ions or electrons,
each SP describes a piece of the distribution function f.

e The motion of the SPs is straightforwardly described by the
Newton-Maxwell equations.

e The self-consistent fields are calculated by projecting on a
spatial grid charge and current associated with each SP.




The PIC method in general..

The PIC method is a numerical technique used to solve a certain
class of partial differential equations:

e individual particles (or fluid elements) in a Lagrangian frame
are tracked in continuous phase space

e moments of the distribution function are computed
simultaneously on Eulerian (stationary) mesh points.

Solid and fluid mechanics, cosmology,...

Plasma physics:

laser-plasma interactions, electron acceleration and ion heating in
the auroral ionosphere, magnetic reconnection...Gyrokinetics




Outline

e Construct a set of gyrokinetic (GK) equations, suited for
simulations:

1) Must preserve symmetries: conserved quantities (energy).
2) Must contain (only) relevant physics: approximation are needed,
but must not break self-consistency.

General procedure: GK field theory.
Example: Electrostatic, linearised polarisation GK Vlasov-Maxwell.

e PIC discretization for particle and field egs. (finite elements).

e Properties of the discretised equations (conservation, errors,
convergences,..).

e Examples, simulations of experimental plasmas. W




Self-consistent gyrokinetic equation from GK Lagrangian

GOAL: construct a simple self-consistent, energy conserving set of
gyrokinetic equations, suited for PIC discretisation:
Electrostatic, linearised polarisation GK Vlasov-Maxwell system.

e Not only an academic problem: state of the art up ~ 5 years
ago, still useful for many physics problems.

e Traditionally, iterative method [Friemann & Chen 1979...] or

Hamiltonian representation to get Vlasov equation from particle
Lagrangian; a back transformation (Lie) was used to obtain the
field equations [Hahm 1988...].




Self-consistent gyrokinetic equation from GK Lagrangian

GOAL: construct a simple self-consistent, energy conserving set of
gyrokinetic equations, suited for PIC discretisation:
Electrostatic, linearised polarisation GK Vlasov-Maxwell system

TOOL: gyrokinetic field theory.




Self-consistent gyrokinetic equation from GK Lagrangian

GOAL: construct a simple self-consistent, energy conserving set of
gyrokinetic equations, suited for PIC discretisation.
Electrostatic, linearised polarisation GK Vlasov-Maxwell system

TOOL: gyrokinetic field theory.

1) Establish a proper GK Lagrangian for particles and fields.
2) Approximate the Lagrangian.

3) Classical field theory: derive equations for particles and fields
from variational principles.

The symmetry and conservation properties are preserved. W




Particle Lagrangian with time dependence in Hamiltonian

STARTING POINT: Lie transformed low-frequency particle
Lagrangian in gyrocenter coordinates

e . mc -
L= (SA+ppb) R+ —H
2
R, gyrocenter positions; © = %, magnetic moment;
p| = mU — £JoA||, canonical parallel momentum; 6, gyroangle;

B =V x A, background (static) magnetic field; Jy gyroaverage
operator, U parallel velocity.

Lie transform method is rather general: choices can be made to
arrange L, so that the symplectic part depends only on the
background, while all the time varying fields are contained in the
Hamiltonian H.

[Hahm 1988, Brizard 2007, Miyato 2009,...]. W




GK total Lagrangian contains all the needed physics
Following [Sugama 2000], Lagrangian for particles AND fields is:

Z/dWodV f(Zo, to)Lp(Z(Zo, to; t), Z(Zo, to; t), t)

2 2
_|_/d\/EBL
8w

Z = (R,pj,p,0); AW = 5 Bidpydu; BT = [V LA




GK total Lagrangian contains all the needed physics

Following [Sugama 2000], Lagrangian for particles AND fields is:

E:/dmﬂVmemﬂ(ZQmm t), Z(Zo, to; t), t)

2
n / awE -8B
) 8w

The first term is the Lagrangian for charged particles.

of(Zy) is the distribution function for the species sp at an arbitrary
initial time ty.

o/, is the Lie transformed particle Lagrangian written in terms of

the gyro-center coordinates, Lagrangian density.




GK total Lagrangian contains all the needed physics

Following [Sugama 2000], the GK total Lagrangian is:

L = Z / dWpdV f(Zo, fo)Lp(Z(ZQ, to; t). Z(ZO,‘ to: t), t)

sp °

E?2 — B2
+ / avE Bl
8r

The second term is the Lagrangian for the electromagnetic fields.

Note: the particle Hamiltonian is not an invariant in GK theory.
The conserved quantity is the total energy of the system.




Total Lagrangian contains the Vlasov equation
e Particle number conservation condition:
AWod V¥ (Zo, to) = AWAVF(Z, 1)

e The time dependence in the distribution function f(Z, t) is:
2m .,
“SBIf(Z.t) = | dWodVF(Zo, t0)3(Z ~ Zo)

e Taking the time derivative of this equation, with some algebra,
the GK Vlasov equation can be obtained:

0 dz 0
af(z, t)+ O a—zf(z,t) =0

Full derivation, for example: [Miyato 2009]. W




Total Lagrangian: summary

L = Z/deV f(Z,t)L +/c1vE2_Bi
N TP 8

L = (SA+pb) R+ "opd—H
H = H(®,A)

e Contains the Vlasov equation.

e Only one assumption on the Hamiltonian: it must contain the
electrostatic potentials ® and the parallel component of the
fluctuation magnetic potential Aj.




Total Lagrangian with simplest Hamiltonian [Hahm 1988|

E? - B2
L = Z/dev f(Z, t)Lp-I-/dVT
sp

(§A+p“b) -R+%#9—H

~
R
Il

2

2
H = mU——FuB—FeJOCD—mC
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Total Lagrangian with simplest Hamiltonian [Hahm 1988|

L = Z/dev f(Z,t)L —i—/dVEz_BJz'
a - PP 8

e . mc -
Ly = (SA+pb) R+"pud—H
2

U mc? 5

e H is second order in the fields (p) = mU — £JoA))...

H = H0+H1—|—H2

2
Hy = A + puB
2m
H1 = e(JOCD — ﬂJQA”) = eJo\U
mc
2 2
e 5 Mc 5
= —— - — )
Hy 2mc? (Joy) 2B2 V1ol




Total Lagrangian with simplest Hamiltonian [Hahm 1988|

L = Z/dev f(Z,t)L +/dVM
N -~ PP 8

(S - mc -
L, = (—A+pr) R+ —uf — H

2
CQ(J0A||)2 -

H = ” + uB + e(h® — A JoA”) |VJ_(D|2

2m 2B2

e This is all we need from GK... from now on, field theory.
e In the context of field theory, this Lagrangian can be further

approximated, without loosing self-consistency and energetic
consistency of the final equations.

e Simmetry property of the Lagrangian will be automatically W
transferred to the equations.




Quasi-neutrality approximation

2 B
dWwdV f(Z,t)L dv | — — —=
Z/ .0t | <87r 8w>

(;A—i—p“b) -R—i—%ué—H
2

il al
>m + uB + e(Jod> — %J()A”) +
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Quasi-neutrality approximation

L = Z/deVf(Zt)L +/dV E B
- - PP 8t 8w

e . mc -
Ly = (SA+pb) R+ "opd—H
W= ALy (o® — PLjpan) + BANE = T 7 o
= gy THB T el = Do doA) + 5 (AT = g VL@
E? m c? 1 >
/dv&r+/dev f5§|VL¢|2 = &T/dv <1+A§> IV, o2
N2 = ::;92 Debye length; p2 = kBers’Zc2 ion sound Larmor radius.

p% 4nmc? c?
N2
d

Fusion plasmas : =

= — = — 1
where v, is the Alfvén velocity, ¢ speed of light.




Quasi-neutrality approximation

Z/dev f(zZ, t)Lp+/dV< g;)

(;A—i—p“b) -R—i—%ué—H
2

il al
>m + uB + e(Jod> — %J()A”) +
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Linearised polarisation approximation

e Start from H = Hy + Hy + H>

e In the Lagrangian Hop + Hi only multiplies f: (Ho + Hi)f

e For H,, f is replaced by an equilibrium distribution function fy
independent of time: Hxfy,

L:%}/dVdW((iA+p”b) R+ T2l — Ho— Hy) £

B?
+Z/dVdWH2fM—/dV87T
sp

This approximation will lead to linearised field equations.

o3 [ avaw (2ns ow) e i) o [avED




Electrostatic model

e Although electromagnetic effects are important to correctly
describe experimental plasmas, in the following we will neglect
magnetic perturbations, A =0 and pj = mU.

L_Z/dVdW A+p||b> +—u9 HO—Hl)f

vaw™ v, o2
+y [ dvd 257 VL9l
sp

e From now on, any additional approximation or odering will break

the symmetry and conservation properties of the underlying
dynamical system.




Euler-Lagrange equations

e From the GK Lagrangian using variational principles for the
action functional /, functional derivatives [Morrison 2005]:

t2
5/2/ oLdt
tl

e Euler-Lagrange equations, functional derivatives with respect to
the particle phase space positions Z = (R, pj|, ):

ol oL

as t; and tp are arbitrary.




Euler-Lagrange equations, electrostatic H

e With the simple Lagrangian:

. 8(H0+H1)B* c

R = 2072 F.Y(Hy+ H
opy B eBBj V(Ho + Hr)

) B*

Pl = B V(Ho + Hi)

where a drift tensor notation for the background magnetic field has
been used, in which e it the rank-three Levi-Civita pseudotensor:

F—VA-(VA)", F=cB, Vxb—-V.& bxC=-f.c v

B B

A*=A+p/h, B =VxA*
e




Euler-Lagrange equations, no tensors

e Same equations in a more familiar form:

R = ﬂb—(ﬂ)2 mcbx@

m m eBﬁ‘ B2

B 2 B
+<,u+<P||> ) meXl_’_ ¢ ebXVJo‘D,

m m eBﬁ‘ B eBl’i‘
. ne Vp
= uBV-b bx — -VB
] pBV b+ eB‘TPH X5V
c Vp bxVEB
+eVo - (—b + TBWPH (b X ? — B >>
1
Vp = —(VxBxB)
4




Tensor formalism emphasizes symmetries

e The previous equation can be cast in the form of an
antisymmetric generalised bracket [Scott 2010]:

of 0G OH of
Bi o +VH- - - Vf+(-V-G) (5 —Vf— —VH) =0
Lot Op) ( ) (3P|| op) )

having defined G = ¢ - A*.
e This structure has the form of a triple bracket:

aGab
[Ha Gab? f]azb = W[H? f]ab + (VEGab)[Hv f]bz + (VbGab)[Ha f]za
I

ab are pairs of spatial indices, z denotes the pj coordinate.
e The two-bracket form is

[H,flab = Haf b, — Hpf 2

8,2 denotes differentiation with respect to variable with index a. W



Vlasov equation has a symmetric form

e A* has no p component:

additional fictitious 3-brackets can be added, leading to a
remarkably symmetric expression for the gyrokinetic Vlasov
equation.

of 1 b
=5 H A AL, =0

ot \/an

where Einstein summation convention is assumed.

€2P7 is the antisymmetric rank-four Levi-Civita pseudotensor.

e The antisymmetric bracket form of the GK Vlasov equations
allows for straightforward conservation of several quantities,
including particle number and energy.




Field equation: Polarisation equation

e Functional derivative of L with respect to ¢:

oL ofH
56 075 0

which implies, with some algebra,

Z/dVécb/dW <eJ0f+ V(B” 5 vam)) 0
By

the Jy operator must be Hermitian.
e The arbitrariness of §® implies:

1
Z/dW <eJof+ BTTV( 32 BH vach)) 0
sp




Field equation: Polarisation equation

e dp du commutes with V:
3 /dWeJ f+v”°mc v, = 2<1> ~0
— 0 Bz ‘B

ng is the density associated with the equilibrium Maxwellian fy.

e The polarization equation clarifies the approximations made:
1) It is a linear equation.

2) It has the form of }__ ens, = 0, where en, is the particle
density, i.e. a quasi-neutrality condition.




Global energy conservation equation

of 1
VEB]

e Multiply by H, use linearity of the derivatives in the brackets and
symmetry:

abczH fbA =0

OH

oM 1 OH
ot

_|_
t \/gBﬁ‘

e Integrate over phase-space, sum over species:

fH
Z/dwolva Z/deVf
sp
e functional derivatives:

oft 5H 90
wav = [av o _
;/d d /d Z(SCD ot

ePEH L(fH) pAL, = f




Global energy conservation equation
e Finally:
0 0
—E&=— VAWfH =
prd at%; / dvd 0

e The Hamiltonian is the global energy.

e Not true for electromagnetic (EM) Lagrangian:

o. 0 B2 B
agza (%;/dVdeHqL/dV&T) =0

Note: the EM total energy is conserved only across-species.




Global energy conservation, electrostatic case

32 (Z/dVdeH) =0
= (Z/dVde(mU + uB + eJ0q>)> =& +EF=0
ot - 2
e |t can be easily verified, using the Euler-Lagrange equations, that
-> / AVAWfeV (J®) - Ro
sp

e Power balance equation:

1

26 tF = ~5e; Z/dVdeeV Jo®) - Ro W




Power balance equation in CYCLONE, nonlinear PIC

-3

4><10 : : :
3t i
2 4

0 4
-1 _—1fEde1/d1 :
ol — VEdEJ |
=3 L L L

0 05 1.5 2

1,
e CYCLONE base case: DIII-D (circular) equilibrium.




Power balance is a powerful tool

e The power balance equation not only gives an indication of the
quality of the simulation, but also provides, in linear simulations, a
measure of the instantaneous growth rate:

Er(R, t) = EF(R) exp(271)

1 .
= VAWr ®)-R
v 2€F§/d dWfeV (J®) - Ro

m m/ eBf B2 m m eB* B

RO _ ﬂb_(ﬂ)2 meXVI)_l_(MB_}_(p”)z) meXVB
I l

1
= T Z/dVdeeV(JOCD) (v +vvp +vuB)
sp




Instantenous growth rate for ITG modes, linear

vy = 28,_— Z/dVdeeV(Joq)) (VH +vyp + VVB)

x107°

e

dE/dt
S
(%l

0.5/

V=
L
3}

—tot
—
~l|—grad-B
——grad-P ‘ ‘ ‘
0 05 1 15 2




Instantenous growth rate for ITG modes, nonlinear

-3 0.5/Ef*dEK / dt




Summary: electrostatic, linear polarization GK equations

of of
Z_ +R-Vf
ot +R-Vf+ pHa o =0
_ P B
B BB'T F-[uVB + eV o]
B*

[5|| = _Eﬁ - [uV B + eV Jyd]

3 (/dWeJof+V- (”Omc vm)) —0

e Energetic consistency: the same Hamiltonian must be used to
construct the polarization equation and the gyrokinetic Vlasov
equations.

e This also implies that the approximations made cannot be W
relaxed once the equations have been derived.




Energetic consistency can be easily broken

of of
— +R-Vf
9t +R-Vf+p5— op, =0
_ PIB*
p B|T BBlT F-[uVB+ eV9d]
. B

Z(/dWeJof+V-<(;2 vm)) 0

Energetic consistency is broken:

e nonlinear polarization implies using (Ho + H1 + H2)f in the
Lagrangian for field equations;

— second order terms must be included in the Euler-Lagrange
equations.




Energetic consistency can be easily broken

of of
— +R-Vf
ot +R.-V —l—p||a o =0
_ P B 2
T BB* F-[uVB + eVJyd] + O(d?)
I I
B*
Al=—%" [uV B + eVJy®] + O(d?)
I

Zp(/dWeJof+V-<([)32 vm)) 0

Energetic consistency is restored:

e nonlinear polarization implies using (Ho + H1 + H2)f in the
Lagrangian for field equations;

— second order terms must be included in the Euler-Lagrange
equations.




PIC discretization

e f is approximated by a sum of N markers, each defined by a
position in phase-space (R(t), p(t), 1) and a weight w.

f >~ fn(R(t), p(t), 1) ZWk5R Ric(£))0(p) — pyk(£))6 (1 — 1k)

e The weights wy are time independent (replace f in Vlasov eq...).

e The weights are distributed accordingly to a certain probability
density function g (importance sampling).




Euler-Lagrange equations, time evolution

e The time evolution is done by advancing the markers along the
characteristics of the Vlasov equation:

S (U N
R, = (m B eBB*F [/,LkVB—I—eVJOCD]

I I k

} B*
Pik = <_BIT [k VB + eVJoq’])
K

given an initial condition Ry (0) = Ry, Py (0) = pﬁ’k.
e Jy® at the marker position is needed.

e ® is computed by solving the polarisation equation on a grid of
physical space, after having constructed the charge density
pn = [ dWeldpf on the grid.




The gyroaverage operator Jy has the form of Bessel-Jg

27

1
¢ = — ®(R+ pj) df =
Jo 27 J, (R+ pj) df

1 27 1 R " .
= ! (R+p,) =
o |, (/ anp d(k) e dk> do

2w
(5

- (@) /&’(k) Jo(kipi) e dk

S~

eiklpicos(e) de) eik~R dk =

I
—~
N
PO
N
[
S
—~
=
N

0

® Fourier trasformed b, pi =
e Jp has the form, in Fourier space, of a multiplication of Fourier

coefficients by the zeroth Bessel functions Jo(kypi). W




The gyroaveraged electrostatic potential Jy®

Jo® = ®(R+ 77) df =

1 [ 1 . (R
— I~(R+p,’) —
A (/ oy P e dk> do
- / L b (o / T mens) gy ) kR g —
(2m)3 27 Jo

® Fourier trasformed b, pi =
e Jp has the form, in Fourier space, of a multiplication of Fourier

coefficients by the zeroth Bessel functions Jo(k, pi). W




Bessel J; smooths out small variations

0.9} :
08|
0.6 :
] AR R
03} :

0 0.5 1 1.5 2
kP

e Jy acts as a smoothing operator on ®.




Bessel J; smooths out small variations

0.9} : : b
08 """""J'd(klp'i)'”"
0.61 :
Db NGOG
03| 1-0:25(k;p)* —

0 0.5 1 1.5 2
kP

e Jy acts as a smoothing operator on ®.




A discretized gyroaverage operator

e Direct calculation of Jy® for each individual marker has to
account for its interaction with all the waves in the system,
computationally prohibitive.

o Alternatively, the gyroaverage procedure can be approximated by
an average over a number of points on the gyro-ring [Lee 1987].

27-(- Nan

1
Jo®=— [ ®R+p) df~
0 =5/, (R+p) »

When four quadrature points are used, this procedure is equivalent
to replace Jy with a Taylor expansion Jy (k1 pj) ~ 1 — % (kLp;)2
and to compute the transverse Laplacian using second order finite

differences. W




Simple proof

e Consider an equispaced 2D grid, with grid spacing h = p; in both
directions.
e Each point of the grid is defined by a pair of indexes (i, j):

J(R) =~ — = 2vch(R)
2
Jo®ij = dj+ le(q)i—i-lJ + i1 =20+ P i1+ P i1 —20;)
1

= Z(q)i—f—l,j + @1+ Pijr1+Pijo1)

where the standard second order centred finite difference scheme
V20; = (=®j;1 +29; — ®; — 1)/h? was used in both directions.




Example: 4-point average in 2D, linear interpolation

1 [ 1
Jocb_%/o ¢(R+p)d6_1;¢(x,-)

/l e O js defined on a grid
_/ \ (blue dots).
\ e interpolation to get ® on
% ‘/H some points (x;) on the
ring (red dots).

e Average to get Jo® at the
tracer position.




Polarization (Poisson) equation, B-splines
The polarisation equation is solved using finite elements:

O(x,t) = Y ®u(t)Au(x)

Where ®,,(t) are real numbers, and A, (x) = Aj(x1)Ak(x2)Ai(x3) is
a 3D product of polynomial basis functions (cubic B-splines).

1

Cubic Spline SJ
0.5r :
0 - — : o : |
) -2 =1 i j+1 j+2 j+3
b) First derivative
0
-1 - - . - ; f
. -2 -1 i j+1 j+2 j+3
c)

-2 j-1 j j+1 j+2 j+3




Polarization (Poisson) equation, B-splines

e The polarization equation becomes:

Y3 o, (—VL ”OZ’C VA > Z/dWeJof
spu

e Galerkin method:
a) Multiply the equation by another test function g(x) = A,(x).
b) Integrate the resulting equation over configuration space.

_Zcbu/de/\y(x)vl ”"gc VAL Z/deVeJof/\
m

sp

having integrated the left hand side by parts.
e This equation is usually called the discretized weak form of the
polarization equation.




Discretized polarization equation, set of linear equations

e The right hand side is now rewritten using the PIC
approximation for Jof and by integrating the delta functions:

_Z%Z/dR/\V(R)V "°mc —7 V1Mu(R) =

grk

3 (X s 3t

sp grkﬁl

e The previous equation is actually a set of linear equations:
D Awd,=b,
o

e A, is a sparse, symmetric and positive definite matrix




Charge assignment, linear B-splines

e Scatter operation

e each smaple point (red
dots) contributes to the
charge of 4 grid points
(blue dots).

e for 3D cubic B-Splines, 64
grid points.




Skeleton of a finite element PIC code

Initialization:
e Construct the matrix:

Zcb Z/dR/\

e Initialize marker positions and weights:

Rk(0) = R, pk, pyi(0) = Pl Wi

n()mC2

BZ

VLAM(R)




Skeleton of a finite element PIC code
Main loop:
e Charge assignment:

N grk

) B

sp k=1
e Solve Zu Auw®, = by, to get:

t) = Z ®u(t)Au(x)
m

e Calculate Jy® at each marker position.
e Update marker position using Euler-Lagrange (ODEs):

V(Xk B

- Pk B*
R, = (k= _
. ( m B eBB|T F-[uVB + ewoq>]>k
. B*
Pik = ( 5 (VB + eVJoq’])
l k




Control variate PIC (§f method)

f(Rv V|5 Ky t) = fb(ﬂ)Oa € [, t) + 6f(R’ V|5 Ky t)

e Particle kinetic energy ¢ = m; (uB + U?/2), the magnetic
momentum g and the toroidal canonical momentum

Yo = ¢ + (m;/qi)Rv, are constant of motion on the unperturbed
trajectories (¢ = 0).

— fy is a stationary solution of the Vlasov equation with ® = 0.

eThe PIC approximation of f is now:

f o~ fo+ 6fN(R(t)?pH(t)7M)

= fo+ Z wid(R — Ri(t))o(py — pyi(t))0(p — px)

k=1




Control variate PIC (§f method)

e The Vlasov equation becomes a time evolution equation for §f:

d d d
S sy S
gt T @ g =0

d d

and consequently for the weights:

Wk = T(J0¢)|k




Skeleton of a finite element PIC code
Main loop:
e Charge assignment:

Z Z Wi
e Solve Zu A ®, = by, to get:
t) = Z P, (£)Au(x)
m

e Calculate Jo® at each marker position.
e Update marker position using Euler-Lagrange (ODEs):

grk

Z A (Xk’g

grkﬁ1

R, =
p|'|k = ..
Wk - T(J0¢)|k




Simple Monte-Carlo estimate for the noise

e Statistical noise (Aydemir 1994):
Error € introduced when the moment of the distribution
function (density) is evaluated with a finite number N of

particles, € ~ o*/\/N

N
2 N%(W2>G ; (w?) = L Zw-z

Pnoise =

N¢g, number of Fourier modes included in the simulation.
G accounts for FLR filtering and grid projection filtering.

e Noise can be reduced by:
1. Increasing the number of tracers V.
2. Reducing the number of modes N — Fourier filtering.
3. Reducing (w?) (MC, reducing o)

4. Carefully choosing the projection algorithm, i.e. G. W




The statistical appears in the charge assignment

e In certain codes, the level of noise can be measured during the
charge assignment:
Direct measure of |p|2_ ... by evaluating the average value of
|pk|? for the non-resonant (filtered) modes.

—4
3.5x 10 ‘
— 1 milion particles
3l —2
—4
258
—16
Y —— 2 2]
< .
Ipk| >n0|se/<n>
1.5¢
1t ]
0.5+ /——‘-—"M
00 50 10

0 _. 1&")0 200 250 300
oy W
o
Level of noise, ps =1/80




MC estimate validation: noise scaling with N/Ng

40

2 2 ‘ !
35 <|pk| Znoise /W e NG/NT [a.u]
30r "
L —12
25 2
20r —48 ]
15¢ —192[.d
—385
10f ;
5 L
0 ! i I ! *
0 50 100 _, 150 200 250 300

ime

The scaling of the turbulence in number of particles per mode

Ng/N is satisfied
p1210ise ~ &G W
(w?) = N




Variance reduction techniaues (Monte-Carlo)

1 - 5r
—STANDARD PIC
— Krook operator
08 —Quadtree smoothing a / i
—Coarse graining
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Es %
~N ~
0.4 2t
e B e S
02 i 1r ¢
e e aamat R
~—
00 500 1000 1500 2000 2500 3000 3500 4000 OU 500 1000 1500 2000 2500 3000 3500 4000
Time [a/cs] Time [a/cs]
0.12 1 J n
0.1 800 IL T |
0.08 2 M
3 g 6007
=008 < NM
5 L £ ol LA WLV
* 004 2 v
002 200 vf\’_\
‘l\of/\\"\—-/\/v\.
. : \/\\\____’____ :
0 500 1000 1500 2000 2500 3000 3500 4000 0 500 1000 1500 2000 2500 3000 3500 4000
Time [alcs] Time [a/cs]

e Very long simulations; Different heat sources — different fluxes




Convergence in number of markers N

e Radial averaged heat fluxes or electrostatic potentials are very
robust... not a good choice.

1.47




Spectra give good insights on the quality of the simulation

e Time averaged spectrum: nonzonal electrostatic potential




Density fluctuation spectrum, slow converge in N

e Time averaged spectrum: density fluctuation
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